In this article, we investigate the bound of the valency of the Cayley graphs of the generalized quaternion groups which guarantees to be Ramanujan. As is the cases of the cyclic and dihedral groups in our previous studies, we show that the determination of the bound in a special setting is related to the classical Hardy-Littlewood conjecture for primes represented by a quadratic polynomial.
Introduction
Expander graph is a sparse graph having strong connectivity properties. Because of its rich theory with many applications, it is widely studied in various fields of mathematics such as combinatorics, group theory, differential geometry and number theory (see [7, 9] for survey of the expander graphs). In particular, Ramanujan graph, which is an optimal expander graph in the sense of Alon Boppana's theorem and was first defined in [10] , plays an important role in not only pure mathematics but also applied mathematics. Actually, because a graph is Ramanujan if and only if the associated Ihara zeta function satisfies the "Riemann hypothesis", it has a special interest for number theorists, especially who study zeta functions (see, e.g., [11] ). Moreover, from the fact that a random walk on a Ramanujan graph quickly converges to the uniform distribution, it is used to construct a cryptography hash function [3] . From these reasons, it is worth finding or constructing Ramanujan graphs as many as possible, however, it is in general difficult.
In this paper, we consider the following problem on Ramanujan graphs. Naively, one easily imagines that, because a Ramanujan graph has a strong connectivity property, if we have a Ramanujan graph, then there expects to be another Ramanujan graph around it (cf. [1] ). This means that, even if we get rid of some edges from the given Ramanujan graph anyhow, it may remain to be Ramanujan. Now our problem is to clarify how many edges we can freely remove from the given Ramanujan graph with remaining to be Ramanujan in a given family of graphs. In particular, as a first stage, we consider this problem starting from the trivial Ramanujan 
Preliminary
In this section, we prepare some definitions and notations of graph theory, which are necessary for our discussion (see, more precisely, [8] ). Throughout this paper, all graphs are assumed to be finite, undirected, connected, simple and regular.
Let X be a k-regular graph with m-vertices. The adjacency matrix A X of X is the symmetric matrix of size m whose entry is 1 if the corresponding pair of vertices are connected by an edge and 0 otherwise. We call the eigenvalues of A X the eigenvalues of X. Let Λ(X) be the set of all eigenvalues of X. We know that it can be written as Λ(
Let λ(X) be the largest non-trivial eigenvalue of X in the sense of absolute value; λ(X) = max |λ| λ ∈ Λ(X), |λ| = k . Then, X is called Ramanujan if the inequality λ(X) ≤ 2 √ k − 1 holds. Here the constant 2 √ k − 1 is called the Ramanujan bound for X and is denoted by RB(X).
Let G be a finite group with the identity element 1. Let S be a Cayley subset of G, that is, S is a symmetric generating subset of G without 1. We denote by X(S) the Cayley graph of G with respect to the Cayley subset S. This is |S|-regular graph whose vertex set is G and edge set {(x, y) ∈ G 2 | x −1 y ∈ S}. Let S G be the set of all Cayley subset of G. In what follows, for S ∈ S, we write Λ(S) = Λ(X(S)), λ(S) = λ(X(S)), RB(S) = RB(X(S)), and so on. It is well known that the eigenvalues of X(S) can be described in terms of the irreducible representations of G as follows.
Lemma 2.1 (cf. [2] ). Let G be a finite group and Irr(G) the set of all equivalence classes of the irreducible representations of G. Then, for S ∈ S G , we have
where, for π ∈ Irr(G), d π is the degree of π, M π (S) = s∈S π(s) and Spec(M π (S)) is the set of all eigenvalues of M π (S). Here, we understand that an element in
We here explain our problem on Ramanujan graphs. For a set S ⊂ S G of Cayley subsets of G, let L = L G,S = {l(S) | S ∈ S} where l(S) = |G \ S| = |G| − |S| is the covalency of S ∈ S. Then, we have the decomposition S = ⊔ l∈L S l with S l = {S ∈ S | l(S) = l}. Now our aim is to determine the bound
Remark thatl ≥ 1 if G\{1} ∈ S 1 because X(G\{1}) is the complete graph K |G| with |G| vertices, which is a (trivial) Ramanujan graph. Hence, in this case, roughly speaking,l represents the maximal number of removable edges from the complete graph K |G| keeping to be Ramanujan.
In this paper, we investigatel when G is the generalized quaternion group.
Cayley graphs of the generalized quaternion groups
For a positive integer m, the generalized quaternion group Q 4m is defined by
This is non-commutative unless m = 1 and can not be expressed as a semi-direct product of any pair of subgroups of Q 4m . One easily sees that the order of Q 4m is 4m because it has the expression
To calculate the eigenvalues of the Cayley graph of Q 4m , we need the information about the conjugacy classes and the irreducible representations of Q 4m . For z ∈ Q 4m , let C(z) be the conjugacy class of Q 4m containing z. Then, the following exhausts all conjugacy classes of Q 4m ;
Moreover, the irreducible representations of Q 4m are given as follows; χ 1 = 1 (the trivial character), χ 2 , χ 3 and χ 4 which are of degree 1 and ϕ j (1 ≤ j ≤ m − 1) of degree 2. We give the values of these representations in Table 1 . Here, ω = e 2πi 2m . From now on, we let S = S Q 4m be the set of all Cayley subsets of Q 4m . Let us calculate the eigenvalues of the Cayley graph X(S) for S ∈ S. Put S 1 = S ∩ x and S 2 = S ∩ x y so that we can write
Moreover, put l 1 (S) = 2m − |S 1 | and l 2 (S) = 2m − |S 2 | so that l(S) = l 1 (S) + l 2 (S). Notice that S 1 = x since 1 / ∈ S and hence l 1 (S) > 0 and S 2 = ∅ because S generates Q 4m and therefore l 2 (S) < 2m. One sees that, because S is symmetric, both S 1 and S 2 are also symmetric. This implies that they are respectively expressed as (3.1)
where δ = δ(S) = 1 if x m ∈ S and 0 otherwise. Here, we understand that A 0 = ∅ and A 1 = A for any set A. From these expressions, we have l 2 (S) ≡ 0 (mod 2) and l 1 (S) ≡ l(S) ≡ δ (mod 2). Based on the above expression, we obtain the following decomposition of S;
where
Using these notations, it can be written as
From Lemma 2.1 together with the expression (3.1) of the Cayley subset, one can explicitly calculate the eigenvalues of X(S) as follows.
Lemma 3.1. For S ∈ S, we have
and, for 1 ≤ i ≤ 4, λ i = λ i (S) are respectively given as follows.
(1) When m is odd,
(2) When m is even,
Proof. These are directly obtained from the above tables of the values of the irreducible representations of Q 4m . We notice that λ i = M χ i (S) and {µ
Remark that λ 1 = |S|, which corresponds to the trivial character, is the largest eigenvalue of X(S). We also notice that z j ∈ R and w j = 0 if j is odd.
The following lemma is useful in the case of estimating the eigenvalues of X(S) corresponding to λ i . Lemma 3.2. Fix l ∈ L and (l 1 , l 2 ) ∈ L l . Let S ∈ S l 1 ,l 2 . Then, we have λ 1 = 4m − l and λ 2 = −l + 2l 2 . Moreover,
(1) when m is odd and
The absolute values |λ 3 | = |λ 4 | of λ 3 and λ 4 take the maximum value l − l 2 if and only if (σ e 1 , σ o 1 ) = (
The absolute values |λ 3 | = |λ 4 | of λ 3 and λ 4 take the maximum value l−l 2 −2 if and only if (σ e 1 , σ o 1 ) = ( 4 Main results
Trivial lower bound ofl
We first show that a lower bound ofl is obtained by using the trivial estimate of the eigenvalues of Cayley graphs.
Lemma 4.1. Assume |S| ≥ 2m. Then, for all λ ∈ Λ(S) with |λ| = |S|, we have |λ| ≤ l(S).
Proof. The claim is clear for the cases λ = λ i for 2 ≤ i ≤ 4. Actually, since λ i = s∈S χ i (s) = − s / ∈S χ i (s), by the orthogonality of characters, it holds that |λ i | ≤ min{|S|, l(S)} = l(S). We next consider the cases λ = µ
As is the case of the dihedral groups [6] , we see that
Hence, since
we have |µ j | ≤ min{|S 1 |, l 1 (S)} + min{|S 2 |, l 2 (S)}. Now, it is easy to see that the right-hand side of the inequality is bounded above by l(S). We call l 0 a trivial bound ofl. Using Lemma 3.2, we can easily determine the boundl in the case of S = S Q 4m . Theorem 4.3. We havel = l 0 .
Proof. Take any S ∈ S l 0 +1 with l 2 (S) = 0, that is, S ∈ S l 0 +1,0 . Then, from Lemma 3.2, we have |λ 2 | = l 0 + 1 and hence, by the definition of l 0 , |λ 2 | > RB(S). This means that X(S) is not Ramanujan.
A modification
From Theorem 4.3, in the case of S = S Q 4m , we may not expect a connection between our problem on Ramanujan graphs and a problem on analytic number theory, as our previous studies in the cases of the cyclic and dihedral groups [5, 6] . So, we next take another set of Cayley subsets of Q 4m , that is,
Notice that l 2 (S) = 0 is equivalent to S 2 = x y. This means that the setting on S ′ is reasonable in the sense that we do not consider the extreme case S 2 = x y. Furthermore, put L ′ = {l(S) | S ∈ S ′ } and S ′ l = S l ∩ S ′ . Now our new purpose is to determine the bound
It is clear that
Moreover, it holds that
Theorem 4.4. When m is even, we havel ′ = l 0 .
Proof. From Lemma 3.2 (2), we can find S ∈ S ′ l 0 +1 with l 2 (S) = 0 satisfying |λ 3 | = l 0 + 1 > RB(S) (or |λ 4 | = l 0 + 1 > RB(S)). This immediately shows that X(S) is not Ramanujan.
From this theorem, we may assume in what follows that m is odd. Remark that, in this case, from Lemma 3.2 again, we have |λ i | < l for 2 ≤ i ≤ 4 for any l ∈ L ′ and S ∈ S ′ l .
An upper bound ofl

′
As is the case of S, it is convenient to decompose S ′ as follows;
The aim of this subsection is to show the following result.
Let l ∈ L ′ . To prove Proposition 4.5, we first construct l 2 ) ) may have the maximal eigenvalue (in the sense of absolute value) among X(S) with S ∈ S ′ −1 y}, where δ = 1 if l is odd and 0 otherwise. We respectively write z j , w j and |µ j | as z
and |µ
= 0 when j is odd. On the other hand when j is even, we have
= −2e
is calculated as
Hence we have
, where δ j = 1 if j is even and 0 otherwise. We now focus on the case of j = 2.
Proof. It holds that
Hence, noting that l, l 1 and l 2 are small enough rather than m, we see that, as a continuous function of l 2 ,
, which means that |µ
is monotone increasing on [1,
] and decreasing on [
, l]. Let us find (l
is the maximum and l + 2 the minimum integer satisfying l
If we write l = 6k + r, then one sees that these are respectively given as follows:
(2k, 4k) (2k, 4k + 2) (2k + 2, 4k + 2)
Now the result follows from the facts |µ
| for r = 3, 4 and |µ Proof of Proposition 4.5. It is sufficient to show that there exists S ∈ L ′ l 0 +2 such that X(S) is not Ramanujan. Actually, let l 0 = ⌊4 √ m⌋ − 2 ≡ r (mod 6) for 0 ≤ r ≤ 5. Take
with (ľ 1 ,ľ 2 ) = (
Here the index of a r is considered modulo 6. Then, noticing that 4
as m → ∞. This shows that |µ
) for sufficiently large m and hence concludes that the corresponding Cayley graph X(S (ľ 1 ,ľ 2 ) ) is not Ramanujan. Actually, one can check that the inequality holds for m ≥ 105. Moreover, we can numerically see that |µ 
A characterization of exceptional primes
From now on, we concentrate on the case where m = p is odd prime (we can perform the similar discussion for general m as in [5] , though it may be complicated). We know from Proposition 4.5 that it can be written asl ′ = l 0 + ε for some ε = ε p ∈ {0, 1}. As is the case of the cyclic and dihedral graphs [5, 6] , we call p exceptional if ε = 1 and ordinary otherwise. Now our task is to clarify which p ∈ P is exceptional. | > 0 in fact holds for p ≥ 67.
for k ≥ 0 and 0 ≤ r ≤ 23. In this case, we see that p ∈ I r,k ∩ P where
In other words, p can be written as p = f r,c (k) for some integers k ≥ 0 and c ∈ Z with f r,c (x) being a quadratic polynomial defined by f r,c (x) = 36x 2 + 3(r + 3)x + c
is irreducible over Z}. Furthermore, for c ∈ C ′ r , define k r,c ∈ Z as in Table 2 . The following is our main result, which gives a characterization for the exceptional primes. Theorem 4.9. A prime p ∈ I r with p ≥ 67 is exceptional if and only if it is of the form of p = f r,c (k) for some c ∈ C ′ r and k ≥ k r,c .
Proof. We first notice that, from the previous discussion with Proposition 4.8, p is exceptional if and only if |µ 2 (ľ 1 ,ľ 2 )| ≤ RB(l 0 + 1). To clarify when this inequality holds, we introduce an interpolation function F r (t) of the difference between |µ 2 (ľ 1 ,ľ 2 )| and RB(l 0 + 1) on I r,k , that is,
Notice that (ľ 1 ,ľ 2 ) = 8k+
2(r+1)−a r+1 3 when l 0 = 24k+r. One can see that F r (t) is monotone decreasing on I r,k for sufficiently large k. Moreover, at t = p = f r,c (k) ∈ I r,k ∩ P, one has 16 ⌋ − 5 for all 0 ≤ r ≤ 23, which means that c ∈ C r . Moreover, since f r,c (k) does not express any prime if f r,c (x) is not irreducible over Z, c must be in C ′ r . Furthermore, it is checked that, for each 0 ≤ r ≤ 23 and c ∈ C ′ r , the inequalities f r,c (k) ≥ 67 and F r (p) < 0 for p = f r,c (k) hold if and only if k ≥ k r,c . This completes the proof of the theorem.
For 0 ≤ r ≤ 23 and c ∈ C ′ r , let J r,c = {p | p = f r,c (k) ∈ I r for some k ≥ k r,c }.
Namely, J r,c is the set of exceptional primes p of the form of p = f r,c (k). We show the first five such primes in Table 2 for each r and c. 
